Airy gas model in one, two and three dimensions by Bencheikh, K. et al.
ar
X
iv
:2
01
0.
00
94
1v
1 
 [c
on
d-
ma
t.s
tat
-m
ec
h]
  2
8 S
ep
 20
20
Airy gas model in one, two and three dimensions
K. Bencheikh,1 A. Putaja,2 and E. Ra¨sa¨nen2
1Laboratory of Quantum Physics and Dynamical Systems. Department of Physics. Ferhat Abbas University of Setif-1,
Campus EI-Bez, Road of Algiers, 19137 Setif, Algeria
2Computational Physics Laboratory, Tampere University, 33101 Tampere, Finland
(Dated: October 5, 2020)
We derive explicit expressions for the edge particle density and the corresponding kinetic energy
density (KED) of the Airy gas model in d dimensions (d=1,2,3). The densities are shown to obey
the local virial theorem. We obtain a functional relationship between the positive KED and the
particle density and its gradients in d dimensions. We analyze the results inside the bulk as a limit
of the local-density approximation. We show that in this limit the KED functional reduces to that
of the Thomas-Fermi model in d dimensions.
I. INTRODUCTION
The Thomas-Fermi (TF) theory1 is one of the first ap-
proaches towards the widely used density-functional the-
ory (DFT).2 Both theories are built on the central role
of the particle density in the study of many-particle sys-
tems. The TF model gives the exact kinetic energy of
the uniform electron gas, as well as the correct ground-
state energy asymptotics for large atomic numbers.3,4 For
finite N , however, the TF model becomes a crude ap-
proximation; for example, it predicts unstable negatively
charged ions and does not describe atomic binding at all.
The TF model has been improved by the inclusion
of inhomogeneity corrections through a gradient expan-
sion for the kinetic energy and the exchange-correlation
functionals.5 A significant improvement was the devel-
opement of the so-called generalized gradient approxima-
tion (GGA),6 which was followed by more accurate func-
tionals such as the meta-GGAs.7 An alternative correc-
tion to the TF model was recently developed by Ribeiro
et al.8,9 based on the use of a uniform semiclassical ap-
proximation. These leading corrections to the TF model
substantially improve the description of the pointwise
particle and the kinetic energy densities (KEDs) in one
dimension (1d) without any gradient expansion.10 How-
ever, further generalizations to higher dimensions are
called for. Along this path, we mention a recent study
dealing with systematic corrections to the TF model
in three dimensions (3d) without a gradient expansion
through the use of the unitary evolution operator.11 That
work focuses on the so-called potential-functional theory,
which employs the single-particle potential on an equal
footing with the density.12
In a landmark work, Kohn and Mattson13 introduced
the concept of the edge electron gas as a convenient way
to deal with physical systems having edge regions. The
resulting theoretical treatment is known as the Airy gas
model, which adapts to the changes in the particle den-
sity from the bulk behavior to evanescence. The sim-
plicity of the Airy gas model lies in the fact that the
effective potential near the edges is approximated by a
linear potential. Consequently, the normalized single-
particle wave functions, e.g., in the Kohn-Sham picture,
are proportional to the Airy function. As a result, the
Airy gas model constitutes an important improvement
of both the TF theory and DFT when describing these
regions at jellium surfaces, for example. The model has
inspired the development of density functionals within
DFT. The AM05 functional,14 for example, is an ex-
change functional tailored for surface systems that has
excellent performance also for solids.15
Here we derive explicit expressions for the edge particle
density and for the corresponding edge KED in all spatial
dimensions (d = 3, 2, 1). We use the propagator of the
linear potential as the main tool, for which explicit ana-
lytical expressions exist in all dimensions. This approach
has the advantage to avoid the explicit use of wave func-
tions. In particular, the particle density and the KED
are given as appropriate inverse Laplace transforms of
the Bloch propagator.
Our paper is organized as follows. In Sec. II we ob-
tain the Bloch propagator associated with the Airy gas
model and derive explicit analytical expressions, through
the use of inverse Laplace transformation, for the parti-
cle densities in 3d, 2d, and 1d. In Sec. III we continue
the procedure to obtain explicit expressions for the KEDs
in all dimensions, and in Sec. IV we show that the de-
rived densities and KEDs obey the so-called local virial
theorem. In Sec. V we derive an implicit density func-
tional, that is, a relationship between the positive KED
and the particle density and its gradients in all dimen-
sions. In Sec. VI we analyze the limit of the local-density
approximation (LDA) of Airy gas model inside the bulk.
In particular, we show how in this limit our KED func-
tional reduces to that of the TF model in d dimensions.
The paper ends with a brief summary in Sec. VII.
II. BLOCH PROPAGATOR AND THE
PARTICLE DENSITY
Here we derive the Bloch propagator and the particle
density for the Airy gas model in 3d, 2d, and 1d, respec-
tively. We begin with the 3d case which is relevant for the
majority of the electronic structure community. There-
after in Secs. IIB and IIC, we proceed to reduced di-
mensions that have particular relevance for applications
2in low-dimensional systems such as quantum wells and
wires.
A. Three-dimensional case
Let us consider a system of N independent fermions
moving in some known potential V (r¯). The one-body
density matrix can be written by means of the unit-step
function θ(x) as follows
ρ(r¯, r¯
′
;µ) =
∑
n
φn(r¯)φ
∗
n(r¯
′)θ(µ − εn), (1)
where the sum is computed over occupied single-particle
states up to the Fermi energy µ. The single-particle
wave functions φn are the normalized solutions of the
Schro¨dinger equation Hφn = εnφn with the Hamiltonian
H = − ~
2
2m
∇¯2 + V (r¯), (2)
and εn are the single-particle energies. The unit-step
function can be written as
θ(µ− εn) =
∫ c+i∞
c−i∞
dη
2pii
eη(µ−εn)
η
(3)
with c > 0.16 This allows us to write the density matrix
in Eq. (1) as17
ρ(r¯, r¯
′
;µ) =
c+i∞∫
c−i∞
dη
2pii
eηµ
U(r¯, r¯′; η)
η
. (4)
Here U(r¯, r¯′; η) is the matrix element of the Bloch oper-
ator U = e−ηH , i.e.,
U(r¯, r¯′; η) =
∑
n
φn(r¯)φ
∗
n(r¯
′) exp(−ηεn). (5)
Depending on the nature of the parameter η, the above
quantity is referred as a heat kernel, canonical Bloch den-
sity, or time evolution propagator.1 Here η is defined as
a complex variable, and we shall call U(r¯, r¯′; η) as the
Bloch propagator.
Let us consider the following one-particle Hamiltonian:
H =
[
− ~
2
2m
(
∂2
∂x2
+
∂2
∂y2
)
− ~
2
2m
∂2
∂z2
+ Fz
]
,
− Lx
2
≤ x ≤ Lx
2
,− Ly
2
≤ y ≤ Ly
2
, −∞ < z < +∞
H = 0, elsewhere. (6)
This Hamiltonian describes a particle with mass m sub-
jected to a constant potential inside a cross-sectional area
A = LxLy in two dimensions (x, y), and to a linear po-
tential in the third direction z. The corresponding propa-
gator U = e−ηH , can be factorized as a product, U (3d) =
UxηU
y
ηU
z
η . When the lengths Lx and Ly are expected to
approach infinity as assumed in the Airy gas model, Uxη
and Uyη can be taken to be the free-particle propagators
along x and y directions, respectively.18 That is,
Uxη (x, x
′) =
(
m
2pi~2η
) 1
2
exp
[
− m
2~2η
(x − x′)2
]
(7)
Uyη (y, y
′) =
(
m
2pi~2η
) 1
2
exp
[
− m
2~2η
(y − y′)2
]
. (8)
The propagator for the linear potential along the z direc-
tion is exactly known18 and has the form
Uzη (z, z
′
) =
(
m
2pi~2η
) 1
2
exp
(
~
2
24m
η3F 2
)
× exp
[
−ηF
(
z + z′
2
)]
× exp
[
− m
2~2η
(z − z′)2
]
.
(9)
Since U (3d) = UxηU
y
ηU
z
η , we then obtain
U (3d)(r¯, r¯
′
; η) =
(
m
2pi~2η
) 3
2
exp
(
~
2
24m
η3F 2
)
× exp
(
−ηF
(
z + z′
2
))
× exp
[
− m
2~2η
[
(x− x′)2 + (y − y′)2 + (z − z′)2
]]
.
(10)
This expression can be interpreted as the Bloch propaga-
tor associated to the Hamiltonian of Eq. (6) in the limits
Lx →∞ and Ly →∞).
In the following, we show that the Bloch propagator
of Eq. (10) is associated to the Hamiltonian of the Airy
gas model of Kohn and Mattson in 3d. The Hamiltonian
of this model reads13,19
H =
[
− ~
2
2m
(
∂2
∂x2
+
∂2
∂y2
)
− ~
2
2m
∂2
∂z2
+ veff(z)
]
,
− Lx
2
≤ x ≤ Lx
2
, − Ly
2
≤ y ≤ Ly
2
, − L < z < +∞
(11)
H = 0 elsewhere. (12)
Here veff(z) is the confining potential along the z direc-
tion given by
veff(z) =∞, z ≤ −L (13)
veff(z) = Fz, z > −L, (14)
where F = dveff(z)/dz is the slope of the effective
potential. The characteristic length scale is given by
l =
(
~
2/(2mF )
)1/3
with the corresponding energy ε˜ =
Fl =
(
~
2F 2/(2m)
)1/3
. The normalized eigenfunctions
ψr with eigenvalues Er of the KS equations are of the
form13
ψr(x, y, z) =
1√
LxLy
e
i
~
pxxe
i
~
pyyφj(z) (15)
3with r ≡ (j, px, py) and piLi = 2pi~mi(i = x, y), and
A ≡ LxLy is the cross-sectional area. The functions φj(z)
obey
[
− ~
2
2m
d2
dz2
+ Fz
]
φj(z) = εjφj(z). (16)
The occupied states have energies
Er =
p2x
2m
+
p2y
2m
+ εj ≤ µ (17)
and the local density is given by
ρ(r¯, r¯
′
;µ) =
∑
r
ψr(r¯)ψ
∗
r (r¯
′)θ(µ − εr). (18)
In the Airy gas model, following the arguments of
Ref. [13] in the limit L → ∞, the eigenvalues form a
continuous spectrum. Therefore, in this limit the Hamil-
tonian in Eq. (11) becomes compatible with the one given
in Eq. (6). Therefore, we can consider the Bloch prop-
agator U(r¯, r¯′; η) found in Eq. (10) for the system under
consideration. Furthermore, we use an absolute energy
scale,13,19 so that the Fermi energy is set to zero, i.e.,
µ = 0 in Eq. (3). Now, the resulting particle density of
the Airy gas model ρ(z) ≡ ρ(r¯, r¯;µ = 0) becomes
ρ3d(z) =
c+i∞∫
c−i∞
dη
2pii
U (3d)(r¯, r¯; η)
η
(19)
=
( m
2pi~2
) 3
2
c+i∞∫
c−i∞
dη
2pii
e
~
2
24m η
3F 2−ηFz
η5/2
. (20)
Here we have used the expression of the diagonal element,
U (3d)(r¯, r¯; η) obtained by setting r¯′ = r¯ in Eq. (10). To
evaluate the integral representation of the density in Eq.
(20), we will first use the identity
1
η1+p/2
=
1
Γ
(
1 + p2
) ∞∫
0
e−ηxx
p
2 dx (21)
for p = 3, and susbstitute the resulting expression into
Eq. (20), leading to
ρ3d(z) =
4
3
√
pi
( m
2pi~2
) 3
2
∞∫
0
x3/2dx
×
c+i∞∫
c−i∞
dη
2pii
exp
[
~
2
24m
η3F 2 − η(Fz + x)
]
. (22)
Next, we change the variables u = η
(
~
2F 2
23m
)1/3
=
2−2/3ηε˜ to get
ρ3d(z) =
4× 22/3
3
√
piε˜
( m
2pi~2
) 3
2
∞∫
0
x3/2dx
×
c+i∞∫
c−i∞
du
2pii
exp
[
u3
3
− u
(
22/3
ε˜
F z +
22/3
ε˜
x
)]
. (23)
Using the integral representation of the Airy function20
Ai(t) =
c+i∞∫
c−i∞
du
2pii
exp
[
u3
3
− ut
]
(24)
allows us to write Eq. (23) as
ρ3d(z) =
4× 22/3
3
√
piε˜
( m
2pi~2
) 3
2
∞∫
0
x3/2
×Ai
(
22/3
ε˜
F z +
22/3
ε˜
x
)
dx. (25)
To calculate this integral, we change the variables from
x to y = 22/3x/ε˜ and obtain
ρ3d(z) =
2
3
ε˜3/2√
pi
( m
2pi~2
)3/2 ∞∫
0
y3/2Ai
(
22/3ξ + y
)
dy.
(26)
Here we have used ε˜ = Fl and ξ = z/l. To
evaluate the above integral, we use the identity∫
∞
0
y−1/2Ai (u+ y) dy = 2
2/3piA2i
(
u
22/3
)
,20 leading to the
following result21
∞∫
0
y3/2Ai (u+ y)dy = pi
[
u2
21/3
A2i
( u
22/3
)
−Ai
( u
22/3
)
A′i
( u
22/3
)
− 21/3uA′2i
( u
22/3
)]
. (27)
Here and in the following A′i denotes the derivative of the
Airy function Ai. Setting u = 2
2/3ξ and substituting the
above result into Eq. (26) we obtain the density of the
Airy gas model in the form
ρ3d(z) =
1
12pil3
[
2ξ2A2i (ξ)−Ai (ξ)A′i (ξ)− 2ξA′2i (ξ)
]
.
(28)
The inclusion of a factor two to account for spin degen-
eracy leads to an expression that is identical to the one
derived in Refs. [19] and [21].
B. Two-dimensional case
Following the analysis above [see Eq.(19)], the particle
density of a 2d system confined in the (x − z) plane can
4be written in the Airy gas model as
ρ2d(z) =
c+i∞∫
c−i∞
dη
2pii
U (2d)(r¯, r¯; η)
η
. (29)
Here U (2d)(r¯, r¯; η) is the diagonal element of the Bloch
propagator written in 2d as
U (2d)(r¯, r¯
′
; η) =
m
2pi~2η
exp
(
+
~
2F 2
24m
η3
)
× exp
(
−ηF
(
z + z′
2
))
× exp
[
− m
2~2η
[
(x− x′)2 + (z − z′)2
]]
.
(30)
Using this expression in Eq. (29) leads to
ρ2d(z) =
m
2pi~2
c+i∞∫
c−i∞
dη
2pii
e
~
2
24m η
3F 2−ηFz
η2
. (31)
Next, we use Eq. (21) for p = 2 and carry out two
changes of variables, i.e., u = 2−2/3ηε˜ and y = 22/3x/ε˜.
This leads to
ρ2d(z) =
2−2/3
4pil2
∞∫
0
yAi
(
22/3ξ + y
)
dy, (32)
where the integral can be evaluated as20
∞∫
0
yAi
(
22/3ξ + y
)
dy =
−
[
A′i
(
22/3ξ
)
+ 22/3ξAi1
(
22/3ξ
)]
(33)
with
Ai1 (t) =
∞∫
t
Ai (y) dy. (34)
Finally, the density in 2d can be written in the form
ρ2d(ξ) = − 1
4pil2
[
2−2/3A′i
(
22/3ξ
)
+ ξAi1
(
22/3ξ
)]
.
(35)
C. One-dimensional case
We start from the 1d version of Eq. (19), which reads
ρ1d(z) =
c+i∞∫
c−i∞
dη
2pii
U (1d)(r¯, r¯; η)
η
, (36)
where the Bloch propagator is given by
U (1d)(r¯, r¯; η) =
(
m
2pi~2η
) 1
2
exp
(
~
2F 2
24m
η3
)
× exp
(
−ηF
(
z + z′
2
))
× exp
[
− m
2~2η
(z − z′)2
]
. (37)
After substitution the density can be written as
ρ1d(z) =
( m
2pi~2
) 1
2
c+i∞∫
c−i∞
dη
2pii
e
~
2
24mη
3F 2−ηFz
η3/2
. (38)
Using Eq. (21) for p = 1 transforms Eq. (38) to
ρ1d(z) =
2√
pi
( m
2pi~2
) 1
2
∞∫
0
x1/2dx
×
c+i∞∫
c−i∞
dη
2pii
exp
[
~
2
24m
η3F 2 − η(Fz + x)
]
. (39)
The change of variables as u = 2−2/3ηε˜ and y = 22/3x/ε˜
leads to
ρ1d(z) =
1
21/3pil
∞∫
0
y1/2Ai
(
22/3ξ + y
)
dy. (40)
Using the identity21
∞∫
0
y1/2Ai (u+ y) dy =
21/3pi
[
A′2i
( u
22/3
)
− u
22/3
A2i
( u
22/3
)]
(41)
we can write Eq. (40) as
ρ1d(z) =
1
l
[
A′2i (ξ)− ξA2i (ξ)
]
. (42)
It should be noted that the expressions of the densities
given by Eqs. (42), (35), and (28) in 1d, 2d, and 3d, re-
spectively, were obtained by using a propagator of the lin-
ear potential adapted to the Airy gas model and without
explicitly using the set of occupied single particle wave
functions. In Ref. [19] instead, the 3d density given in
Eq. (28) was obtained by using the set of occupied single
particle wave-functions. Later on, the densities – includ-
ing the 1d and 2d cases – were found through n-point
correlation functions of free fermions in a d-dimensional
trap.21
5III. KINETIC ENERGY DENSITY
A. General d-dimensional expressions
In the literature three different formulations for the
KED are considered in terms of the single-particle wave
functions.22,23 The Laplacian form is given by
τL(r¯) = − ~
2
2m
∑
n
[
φ∗n(r¯)∇¯2φn(r¯)
]
θ(µ− εn). (43)
On the other hand, the positively defined gradient form
of the KED reads
τG(r¯) =
~
2
2m
∑
n
∣∣∇¯φn(r¯)∣∣2 θ(µ− εn). (44)
Finally, the arithmetic mean of the Laplacian and gradi-
ent can be considered, i.e.,
τ(r¯) = [τL(r¯) + τG(r¯)] /2. (45)
We point out that all these three expressions τL(r¯),
τG(r¯) and τ(r¯) yield the same total kinetic energy when
integrated over the spatial coordinates. For a spin-
unpolarized system we can show that23
τL(r¯) = τG(r¯)− ~
2
4m
∇¯2ρ(r¯), (46)
where ρ(r¯) =
∑
n |φn(r¯)|2 θ(µ − εn) is the diagonal part
of the density matrix in Eq. (1). If we substitute Eq.
(46) into (45), we can express τG(r¯) in terms of τ(r¯) and
∇¯2ρ(r¯), so that
τG(r¯) = τ(r¯) +
~
2
8m
∇¯2ρ(r¯). (47)
We first focus on the mean KED τ(r¯), which can be
expressed in terms of the density matrix as23
τ(r¯) = − ~
2
2m
[
∇¯2s¯ρ
(
q¯ +
s¯
2
, q¯ − s¯
2
;µ
)]
s¯=0¯,q¯=r¯
. (48)
Here q¯ = (r¯ + r¯′)/2 and s¯ = r¯ − r¯′ denote the centre-
of-mass and relative coordinates, respectively. Inserting
Eq. (4) into Eq. (48) yields
τ(r¯) = − ~
2
2m
c+i∞∫
c−i∞
dη
2pii
eηµ
η
×
[
∇¯2s¯U
(
q¯ +
s¯
2
, q¯ − s¯
2
; η
)]
s¯=0¯,q¯=r¯
. (49)
Based on the analytical expressions obtained in Eqs.
(10), (30) and (37), it is possible to write down the Bloch
propagator for the Airy gas model in d dimensions in the
following way:
U (d)(r¯, r¯′; η) =
(
m
2pi~2η
) d
2
exp
(
+
~
2
24m
η3F 2
)
× exp
(
−ηF
(
z + z′
2
))
× exp
[
− m
2~2η
(r¯ − r¯)2
]
. (50)
Let us now exploit s¯ = r¯ − r¯′ and a relation
[
∇¯2s¯
(
e
−
m
2~2η
s¯2
)]
=− m
~2η
[
∇¯s¯.s¯− m
~2η
s¯2
]
× e− m2~2η s¯
2
. (51)
Since ∇¯s¯.s¯ = d, we deduce, ∇¯2s¯(e−
m
2~2η
s¯2
) = −md/(~2η)
for s¯ = 0¯. Finally, the mean KED in Eq. (49) of the Airy
gas in d dimensions becomes
τd(r¯) =
d
2
c+i∞∫
c−i∞
dη
2pii
Ud(r¯, r¯; η)
η2
, (52)
where as – previously mentioned – we take µ = 0, and
U (d)(r¯, r¯; η) stands for the diagonal Bloch propagator
given by
U (d)(r¯, r¯; η) =
(
m
2pi~2η
) d
2
exp
(
+
~
2
24m
η3F 2
)
× e−ηFz. (53)
Next, let us substitute Eq. (53) into (52) to obtain
τd(z) =
d
2
( m
2pi~2
)d/2 c+i∞∫
c−i∞
dη
2pii
e
~
2
24mη
3F 2−ηFz
η2+d/2
. (54)
Using the identity in Eq. (21) for p = d+2 we can write
the previous expression as
τd(z) =
d
2
( m
2pi~2
)d/2 1
Γ
(
2 + d2
) ∞∫
0
dxx1+
d
2
×
c+i∞∫
c−i∞
dη
2pii
e
~
2
24mη
3F 2−η(Fz+x). (55)
In a similar way as above, we put u = 2−2/3ηε˜, y =
22/3x/ε˜, and remembering that ξ = z/l, we can write
τd(z) =
d
2
( m
2pi~2
) d
2 ε˜
d+2
2
2
d+2
3 Γ
(
2 + d2
)
×
∞∫
0
y1+
d
2Ai
(
22/3ξ + y
)
dy. (56)
6Since ε˜ = Fl =
(
~
2F 2/(2m)
)1/3
, the above expression
takes the form
τd(ξ) =
~
2
2m
1
ld+2
d
pi
d
2 Γ
(
2 + d2
) 1
2
4d+5
3
×
∞∫
0
y1+
d
2Ai
(
22/3ξ + y
)
dy. (57)
In the following we use the above result to derive ex-
plicit expressions of the KED in different dimensions. In
contrast with the preceding section, we proceed here in
the order of increasing dimensions (1d, 2d, 3d).
B. One-dimensional case
In 1d, Eq. (57) gives
τ1d(ξ) =
~
2
2m
1
6pil3
∞∫
0
y
3
2Ai
(
22/3ξ + y
)
dy. (58)
The above integral has already been evaluated in Eq.
(27). Hence, we obtain
τ1d(ξ) =
~
2
2m
1
6l3
[
2ξ2A2i (ξ)−Ai (ξ)A′i (ξ)− 2ξA′2i (ξ)
]
.
(59)
In DFT the positive KED defined in Eq. (44) is used
when developing approximate KED functionals. We will
use Eq. (47) to obtain its expression in the Airy gas
model. For that we need to calculate ∇¯2ρ(r¯), which here
reduces to the evaluation of d
2ρ
dz2 . Using Eq. (42), it is
straightforward to prove that [see Eq. (A2) in Appendix
A]
d2ρ
dz2
= − 2
l3
Ai (ξ)A
′
i (ξ) . (60)
Substituting Eqs. (59) and (60) into Eq. (47), we find the
expression of the positively defined KED in the gradient
form as
τ1dG (ξ) =
~
2
2m
1
3l3
[
ξ2A2i (ξ)− 2Ai (ξ)A′i (ξ)− ξA′2i (ξ)
]
.
(61)
C. Two-dimensional case
Let us now return to Eq. (57) and put d = 2 to obtain
the mean KED in 2d as
τ2d(ξ) =
~
2
2m
22/3
32pil4
∞∫
0
y2Ai
(
22/3ξ + y
)
dy. (62)
The above integral is evaluated as follows. Putting t =
22/3ξ + y allows us to write
∞∫
0
y2Ai
(
22/3ξ + y
)
dy =
∞∫
22/3ξ
t2Ai (t) dt
− 25/3ξ
∞∫
22/3ξ
tAi (t) dt+ 2
4/3ξ2
∞∫
22/3ξ
Ai (t) dt. (63)
The first two integrals in the right-hand side of Eq.
(63) can easily be evaluated by first recalling that the
Airy function satisfies the differential equation tAi (t) =
A′′i (t), where A
′′
i denotes the second derivative of Ai.
Then we can carry out an integration by parts. The last
integral is nothing but the function Ai1
(
22/3ξ
)
defined
in Eq. (34). Collecting all the terms we obtain the result
for the mean KED in 2d as
τ2d(ξ) =
~
2
2m
22/3
32pil4
[
Ai
(
22/3ξ
)
+ 22/3ξA′i
(
22/3ξ
)
+24/3ξ2Ai1
(
22/3ξ
)]
. (64)
In a similar way as was done for 1d case above, we
can obtain an expression for the positively defined KED
in 2d. Using Eq. (35) we can easily show that [see Eq.
(A6) in appendix A]
d2ρ2d(z)
dz2
=
22/3
4pil4
Ai
(
22/3ξ
)
. (65)
Using this result and Eq. (64), the positive KED in Eq.
(47) yields
τ2dG (ξ) =
~
2
2m
22/3
32pil4
[
3Ai
(
22/3ξ
)
+ 22/3ξA′i
(
22/3ξ
)
+24/3ξ2Ai1
(
22/3ξ
)]
. (66)
D. Three-dimensional case
Finally in 3d, Eq. (57) gives
τ3d(ξ) =
~
2
2m
1
20pi2l522/3
∞∫
0
y5/2Ai
(
22/3ξ + y
)
dy. (67)
Here we can utilize the recent progress in the calculation
of integrals involving Airy functions as presented in Refs.
[20] and [21]. In particular, it is possible to carry out the
integral of the form I =
∫
∞
0
y5/2Ai(u+3y)dy as follows.
We start from Eq.(27) and derive with respect to u and
find after reduction
∞∫
0
y3/2A′i (u+ y) dy =
3pi
4
[
22/3uA2i
( u
22/3
)
− 24/3A′2i
( u
22/3
)]
. (68)
7In a similar fashion, we find
∞∫
0
y3/2A
′′
i (u+ y)dy =
3pi
24/3
A2i
( u
22/3
)
. (69)
Since A
′′
i (u+ y) = (u+ y)Ai (u+ y), the previous equa-
tion can be rewritten as
∞∫
0
y5/2Ai (u+ y)dy+u
∞∫
0
y3/2Ai (u+ y) dy =
3pi
24/3
A2i
( u
22/3
)
. (70)
Since the second integral is given in Eq. (27), we find
∞∫
0
y5/2Ai (u+ y) dy = pi
[
2−1/3
(
3
2
− u3
)
A2i
( u
22/3
)
+uAi
( u
22/3
)
A′i
( u
22/3
)
+ 21/3u2A′2i
( u
22/3
)]
.
(71)
Using u = 22/3ξ and substituting the result into Eq. (67)
leads to
τ3d(ξ) =
~
2
2m
1
20pil5
[(
3
4
− 2ξ3
)
A2i (ξ)
+ ξAi (ξ)A
′
i (ξ) + 2ξ
2A′2i (ξ)
]
. (72)
To derive an expression for the positively defined KED,
we need the following result obtained from Eq. (28) [see
Eq. (A10) in appendix A], that is
d2ρ3d(z)
dz2
=
A2i (ξ)
4pil5
. (73)
Now we substitute Eq. (72) with Eq. (73) into Eq. (47),
which leads to
τ3dG (ξ) =
~
2
2m
1
20pil5
[(
3
4
− 2ξ3
)
A2i (ξ)
+ ξAi (ξ)A
′
i (ξ) + 2ξ
2A′2i (ξ)
]
+
~
2
32mpil5
A2i (ξ)
(74)
and reduces to
τ3dG (ξ) =
~
2
2m
1
20pil5
[
2
(
1− ξ3)A2i (ξ) + ξAi (ξ)A′i (ξ)
+2ξ2A′2i (ξ)
]
. (75)
Including a factor of two for spin degeneracy, this result
becomes identical to the one obtained in the 3d case in
Ref. [19].
IV. LOCAL VIRIAL THEOREM
Let us consider a system of noninteracting fermions
moving in a potential V (x). In the early work of March
and Young25 the so-called differential virial theorem was
derived: ∂τ(x)∂x = − 12 ∂V (x)∂x ρ(x). This relation is a version
of the local virial theorem, when the particle motion is
restricted to 1d. In general, local virial theorems are re-
lations at given point r¯ in space between particle density,
potential energy and KED. This theorem has been gen-
eralised for the specific case of isotropic harmonic oscilla-
tor potential in d dimensions.24 Moreover, this theorem
has been extended for the case of a linear potential in d
dimensions.24,26
Let us return to Eq. (54) and take the partial deriva-
tive of both sides with respect to z, leading to
∂τd(z)
∂z
= −d
2
F
( m
2pi~2
)d/2 c+i∞∫
c−i∞
dη
2pii
e
~
2
24mη
3F 2−ηFz
η1+d/2
.
(76)
We point out that the density is given as an inverse
Laplace transform [Eq.(4)]. If we substitute the prop-
agator in Eq. (53) we obtain this density in the Airy gas
model in the following way:
ρd(z) =
( m
2pi~2
)d/2 c+i∞∫
c−i∞
dη
2pii
e
~
2
24m η
3F 2−ηFz
η1+d/2
, (77)
where we have taken µ = 0 similarly as above.
Combining Eqs. (76) and (77) leads to a relationship
∂τd(z)
∂z
= −d
2
∂veff(z)
∂z
ρd(z), (78)
where veff(z) = Fz. Hence, the local virial theorem holds
for the Airy gas model in d dimensions.
V. KINETIC-ENERGY DENSITY
FUNCTIONAL
Motivated by the development of density functionals
within DFT, the objective in this section is to obtain
a relationship between the positive KED and the par-
ticle density and its gradients for arbitrary dimension
d = 1, 2, 3 in the Airy gas model. In the Kohn-Sham
version of DFT,27 the interacting system is mapped to
non-interacting one of independent fermions. As a con-
sequence, the total noninteracting kinetic energy of the
latter system, T [ρ], as any other observable, is a func-
tional of ρ. An explicit density functional of a noninter-
acting KED corresponds to an orbital-free DFT without
the need for the calculation of single-particle wave func-
tions.
In the 1d case, let us first write the positive KED in
8Eq. (61) as
τ1dG (ξ) =
~
2
2ml2
[
− 1
3l
ξ
(
A′2i (ξ)− ξA2i (ξ)
)
− 2
3l
Ai (ξ)A
′
i (ξ)
]
. (79)
Using ξ = z/l with Eq. (60) allows as to write, d2ρ/dξ2 =
−2Ai (ξ)A′i (ξ) /l. Then, Eq. (79) takes the form
τ1dG (ξ) =
~
2
2ml2
[
−1
3
ξρ1d(ξ) +
1
3
d2ρ1d(ξ)
dξ2
]
. (80)
In 2d, we follow similar steps by first using Eqs. (35) and
(65) to rewrite the positive KED in Eq. (66) as
τ2dG (ξ) =
~
2
2ml2
[
−1
2
ξρ2d(ξ) +
3
8
d2ρ2d(ξ)
dξ2
]
. (81)
Finally, in 3d we use Eqs. (28) and (73) to rewrite the
positive KED in Eq. (75) as
τ3dG (ξ) =
~
2
2ml2
[
−3
5
ξρ3d(ξ) +
2
5
d2ρ3d(ξ)
dξ2
]
. (82)
These three relations 1d, 2d, and 3d, can be rewritten in
a generic d-dimensional form as
τdG(ξ) =
~
2
2ml2
[
−
(
d
d+ 2
)
ξρd(ξ) +
1
2
(
d+ 1
d+ 2
)
d2ρd(ξ)
dξ2
]
.
(83)
Next, we can eliminate the variable ξ = z/l from Eqs.
(80-83) and express it in terms of the particle density
and its derivatives. Here we focus on the main results
and leave the details of the derivation in Appendix A. In
summary, we can employ Eqs. (42), (35), and (28) in 1d,
2d, and 3d, respectively, to express ξ in a d-dependent
form as
ξ =
d
2
ρ
ρ′
+
ρ′′′
4ρ′
, d = 1, 2, 3. (84)
Substituting this result into the expression of the positive
KED in Eq. (83) leads to a density functional
τdG [ρ] =
~
2
2ml2
[
−
(
d
d+ 2
)(
d
2
ρ2
ρ′
+
ρρ′′′
4ρ′
)
+
1
2
(
d+ 1
d+ 2
)
ρ′′
]
,
d =1, 2, 3. (85)
VI. LOCAL-DENSITY APPROXIMATION
In this section we examine the region inside the bulk
in terms of the LDA. As l measures the thickness of the
edge region, we have ξ = zl ≪ −1 in the bulk, so that
|ξ| ≫ 1.13,19 The LDA version of the positive KED in
Eq. (85) reads
τdLDA [ρ] ≈ −
~
2
2ml2
(
d
d+ 2
)
d
2
ρ2
ρ′
, (86)
where we have omitted the terms with derivatives higher
than two. In this approximation Eq. (84) becomes
ξ ≈ d
2
ρ
ρ′
, (87)
which can be rewritten as
1
ξ
≈ 2
d
ρ′
ρ
. (88)
By integration we immediately find a relation
|ξ| ≈ Cd ρ 2d , (89)
where Cd is a positive constant determined below. Since
in the considered region we have ξ 6 0, so that ξ = − |ξ|,
we use Eq. (87) to express the KED functional in Eq.
(86) as
τdLDA [ρ] ≈ +
~
2
2ml2
(
d
d+ 2
)
ρ |ξ| . (90)
Upon eliminating the variable |ξ| from Eq. (90) by using
Eq. (89), we arrive at the KED functional
τdLDA [ρ] ≈ +
~
2
2m
Cd
l2
(
d
d+ 2
)
ρ1+
2
d . (91)
It is interesting to note that our expression in Eq. (91)
already yields the correct density dependence, i.e., ρ1+
2
d ,
given by the TF KED functional in d dimensions. It is
given by23,28
τdTF [ρ] =
~
2
2m
4pi
[
d
4
Γ
(
d
2
)] 2
d
(
d
d+ 2
)
ρ1+
2
d . (92)
It remains now to find the coefficient Cd in Eq. (91).
Here we use the explicit expressions of the particle den-
sity derived in Sec. II for d = 1, 2, 3. Furthermore, we can
use the the following asymptotic expressions for |ξ| ≫ 1
presented, e.g., in pp. 448-449 of Ref. [16]:
Ai(− |ξ|) ≈ 1√
pi |ξ| 14
cos
(
2
3
|ξ| 32 − pi
4
)
,
A′i(− |ξ|) ≈
|ξ| 14√
pi
sin
(
2
3
|ξ| 32 − pi
4
)
. (93)
The density in 1d as defined Eq. (42) now becomes
ρ1d ≈ 2
lpi
|ξ| 12 , (94)
9where the factor two accounts for the spin degeneracy.
We can rewrite Eq. (94) as |ξ| ≈ pi2l2 (ρ1d)2 /4. Upon
comparing with Eq. (89) for d = 1, we immediately find
C1 =
pi2l2
4
. (95)
In 2d we use the asymptotics of the primitive of Airy
functions. To the leading order we have, Ai1 (− |t|) ≈ 1
for |t| ≫ 1.20 When retaining only the leading order term,
the density in Eq. (35) reduces to
ρ2d ≈ + 2
4pil2
|ξ| . (96)
We can write |ξ| ≈ 2pil2ρ2d and with Eq. (89) for d = 2
we obtain
C2 = 2pil
2. (97)
In a similar way as was done above, we first note that in
3d the density in Eq. (28) reduces in the interior region
to
ρ3d ≈ 1
3pi2l3
|ξ| 32 . (98)
Now we find |ξ| ≈ (3pi2) 23 l2 (ρ3d)
2
3 . Und using Eq. (89)
for d = 3 leads to
C3 = (3pi
2)
2
3 l2. (99)
We can now express the above results for C1, C2 and C3
in a d-dependent form as
Cd = 4pi
[
d
4
Γ
(
d
2
)] 2
d
l2. (100)
Upon inserting Eq. (100) into Eq. (91), we end up with
an expression of the KED functional identical to that
given in Eq. (92). Hence, the Airy gas KED reduces –
inside the bulk – to that of the TF model, or to that of
the LDA.
VII. SUMMARY
To summarize, we have used the widely studied Airy
gas model to derive explicit expressions for the edge parti-
cle density and for the corresponding edge kinetic energy
density (KED) in one, two, and three dimensions. We
have shown that the densities satisfy the local virial the-
orem. Then we have obtained an expression for the pos-
itively defined KED in terms of the particle density and
its gradients in d dimensions. Finally, we have analyzed
the limit of the local-density approximation of the Airy
gas model. We have shown that in this limit the KED
functional reduces to that of the Thomas-Fermi model in
d dimensions.
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Appendix A: Proof of Eq. (84)
Here we prove the explicit relation in Eq. (84) . Let
us start with the 1d case and rewrite Eq. (42) as
lρ = A′2i − ξA2i . (A1)
Using the property A′′i = ξAi and performing the first
derivative with respect to ξ leads to
lρ′ = −A2i . (A2)
By taking the derivative we obtain lρ′′ = −2AiA′i, and a
further derivative leads to
lρ′′′ = −2(A′2i + ξA2i ). (A3)
The combination of Eqs. (A1-A3) immediately leads to
the result in Eq. (84) for d = 1.
In 2d, we repeat the same steps. Rewriting Eq. (35)
as
4pil2ρ = −2−2/3A′i
(
22/3ξ
)
− ξAi1
(
22/3ξ
)
(A4)
and then by taking successive derivatives leads to
4pil2ρ′ = −Ai1
(
22/3ξ
)
, (A5)
4pil2ρ′′ = 22/3Ai
(
22/3ξ
)
, (A6)
4pil2ρ′′′ = 24/3A′i
(
22/3ξ
)
. (A7)
Inserting Eqs. (A5) and (A7) into Eq. (A4), we find
4pil2ρ = −pil2ρ′′′ + 4pil2ξρ′, from which we immediately
deduce the result in Eq. (84) for d = 2.
Finally in 3d, we can first rewrite Eq. (28) as
12pil3ρ = 2ξ(ξA2i −A′2i )−AiA′i, (A8)
from which we deduce
pil3ρ′ = ξA2i − A′2i (A9)
4pil3ρ′′ = A2i (A10)
2pil3ρ′′′ = AiA
′
i. (A11)
Inserting Eqs .(A9) and (A11) into Eq. (A8) leads to
12pil3ρ = 8pil3ξρ′ − 2pil3ρ′′′. This last equation leads to
the expression of ξ given in Eq. (84) for d = 3. This ends
the proof.
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